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Hydrodynamics

Non-relativistic hydro is very important to our day-to-day life.

Relativistic hydrodynamics is widely used in astrophysics and cosmology and
study of quark gluon plasma in heavy ion collisions.

Navier Stokes (1st order hydro-equation) existence and smoothness. Hard!

Study of hydrodynamics heavily rely on numerical methods.
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The Hitchhiker’s Guide

The Hitchhiker’s Guide to the Galaxy Hydrodynamics.

Miklos Gyulassy: one of the most philosophical and entertaining movie.

Most importantly, it tells you "Don’t Panic".

Numerical approach sometimes is like a "black box" to non-experts. Like "42".

"42" is the simple "answer to the Ultimate Question of Life, the Universe, and
Everything", calculated by an enormous supercomputer over exactly 7.5
million years.

It will be nice to have some exact solutions and "Analytic Insights", once for a
while.
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Relativistic Hydrodynamics

Few analytical exact solutions to hydrodynamics equations in general.

Ideal and viscous relativistic hydrodynamics widely used in heavy ion
collisions.

The elliptic flow v2 is one of the most important signature of the quark gluon
plasma created in HIC.

Our following work will provide analytical insight to the onset of the flow.
Please stay tuned. Y. Hatta, BX, 1405.1984.
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Classification of Relativistic Hydrodynamic equations

Ideal (inviscid) relativisitic hydrodynamics for pefect fluid

∇µTµν = 0

with Tµν = εuµuν + P∆µν and ∆µν = gµν + uµuν

Equation of state relates ε and P. Conformal invariance⇒ Tµµ = 0⇒ ε = 3P.
Many exact solutions. Biro, Csorgo, Nagy, Csernai, Csanad, Hama, Kodama,
Peschanski, Janik, Bialas, Beuf, Saridakis, Liao, Koch, Lin, Oz…

Relativistic Navier-Stokes equation (1st order in ∂u)

Tµν = εuµuν + P∆µν + Πµν , with Πµν = −2ησµν

Gubser,09,10 Exact solution.
This equation is pathological because it often violates causality and it is unstable.

Second order (∂2u) relativistic hydrodynamics⇐ This talk, exact solutions.
Causality and stability restored by the Israel-Stewart equation
Marrochio,Noronha,Denicol,Luzum,Jeon,Gale (2013)

Πµν = −2ησµν − τπ
[
∆µ
α∆ν

βDΠαβ + Πµνθ
]

+ λ2Π
〈µ
λΩν〉λ

Full Second order equation Denicol, Niemi, Molnar, Rischke (2012).
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Three basic flows

Shear flow ∂xuy = ∂yux Rotating flow ∂xuy = −∂yux Radial flow
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the flow with gµ⌫ = (�, +, +, +). The bulk pressure ⇧ and the shear-stress tensor ⇡µ⌫

characterize the deviation from local equilibrium. We work in the so-called Landau frame

[15] in which ⇡µ⌫ is transverse uµ⇡
µ⌫ = 0 and traceless ⇡µ

µ = 0.

Throughout this paper, we assume that there are no other macroscopic conserved currents

besides energy and momentum. Therefore, there are 11 unknown variables ✏, p, uµ,⇧, ⇡µ⌫

which should be determined by 11 equations. In the presence of conformal symmetry, this

number becomes 9 because ⇧ = 0 due to the traceless condition T µ
µ = 0 and ✏ and p are

related by the equation of state

p =
1

3
✏ . (3)

Four equations are provided by the energy-momentum conservation law rµT
µ⌫ = 0 (rµ is

the space-time covariant derivative). This can be decomposed into the components parallel

and transverse to the flow as

D✏ + (✏ + p)# + ⇡µ⌫�µ⌫ = 0 , (4)

(✏ + p)Duµ + �µ↵r↵p + �µ
⌫r↵⇡

↵⌫ = 0 , (5)

where we already set ⇧ = 0 and defined the comoving derivative D ⌘ uµrµ. # ⌘ rµu
µ is

the fluid expansion rate and

�µ⌫ ⌘ rhµu⌫i ⌘
✓

1

2
(�µ↵�⌫� + �µ��⌫↵) � 1

3
�µ⌫�↵�

◆
r↵u� , (6)

is the shear tensor. The brackets on Greek indices Ahµ⌫i denote the projection onto the

transverse and traceless part of the tensor Aµ⌫ .

The remaining five equations for the five components of ⇡µ⌫ describe the space-time

dependence of these dissipative currents. Since the work of Israel and Stewart [30], there

has been a longstanding controversy regarding the precise structure of these equations in

relativistic systems [15–24]. Here we employ the result of Denicol et al. [23] and generalize it

to curved spacetimes taking into account the constraints from conformal symmetry [18, 19].

4

The most general equation then reads1

⇡µ⌫ = �2⌘�µ⌫ � ⌧⇡

✓
�µ

↵�
⌫
�D⇡↵� +

4

3
⇡µ⌫#

◆
+ �2⇡

hµ
�⌦

⌫i�

+�1⇡
hµ
�⇡

⌫i� + �3⌦
hµ
�⌦

⌫i� � ⌧⇡⇡�
hµ
�⇡

⌫i� � ⌘̃3�
hµ
��

⌫i� � ⌘̃4�
hµ
�⌦

⌫i�

+⌧�

✓
�µ

↵�
⌫
�D�↵� +

1

3
�µ⌫#

◆
+ 

�
Rhµ⌫i � 2u↵R↵hµ⌫i�u�

�
, (7)

where ⌦µ⌫ ⌘ 1
2
�µ↵�⌫�(r↵u� � r�u↵) is the vorticity tensor. ⌘ is the shear viscosity that

appears in the first-order (Navier-Stokes) theory. In kinetic theory approaches valid at weak

coupling, one typically finds the relation ⌧⇡ = 2�2 [30]. The linear combinations inside

the brackets are designed to transform homogeneously under the Weyl transformation (1).

The last terms involving the Riemann and Ricci tensors are relevant to the dynamics only

in curved spacetimes. In this paper, we do consider hydrodynamics in curved spacetimes

but they are all conformally equivalent to flat Minkowski space. In this case the linear

combination proportional to  vanishes identically and, therefore, it will not be considered

in the following.

In Ref. [23], without assuming conformal symmetry, Denicol et al. derived the above equa-

tion for ⇡µ⌫ in flat space-time via a consistent truncation of the Boltzmann equation doubly

expanded in powers of the Knudsen number (expansion in the number of space-time gradi-

ents) and the inverse Reynolds number (expansion in the ratios of dissipative to equilibrium

quantities) up to second order. Their method may be viewed as a relativistic generaliza-

tion of Grad’s moment method [32], but unlike Grad’s original theory or Israel-Stewart’s

relativistic theory containing only the first line of Eq. (7), it features a well-defined power

counting scheme which allows one to systematically improve the approximation involved.

An important concept underlying this (generalized) moment method is that ⇡µ⌫ should

be treated as independent variables which are determined self-consistently and non-linearly

from Eq. (7). This is actually crucial to our work. In the literature, one often treats ⇡µ⌫

and �2⌘�µ⌫ interchangeably in the second-order terms [18]. Then there is no longer any

essential distinction between ⇡⇡, �� and ⇡� terms, or D� and D⇡ terms so that Eq. (7)

reduces to a gradient expansion. While such an identification may be justified for certain

1 The equation derived in [23] includes terms proportional to the pressure gradient Fµ = �µ⌫r⌫p (or

equivalently, the temperature gradient). Eliminating them by using Eq. (5) gives rise to a new term D�µ⌫

and modifies the coe�cient of other terms accordingly [18]. Thus the various transport coe�cients shown

in (7) are in general di↵erent from the corresponding ones in Ref. [23].

5

Represented by σµν (symmetric), Ωµν and θ ≡ ∇µuµ = ∂µuµ + Γµµνuν .

Ωµν is antisymmetric, this is why it can only show up at second order.

uµ is the four velocity of the flow. uµuµ = −1. Static uµ = (−1, 0, 0, 0)

∆µν = gµν + uµuν is the projection operator. ∆µνuν = 0
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Decomposition of Hydrodynamic Equations

Energy momentum conservation∇µTµν = 0.

Tµν = εuµuν + P∆µν + Πµν .

Project to uν ⇒
Dε+ (ε+ p)ϑ+ Πµνσµν = 0

with comoving derivative D ≡ uµ∇µ.

Project to direction perpendicular (⊥) to uν ⇒
(use ∆µν = gµν + uµuν since ∆µνuν = 0)

(ε+ p)Duµ + ∆µα∇αp + ∆µ
ν∇αΠαν = 0

Landau-Lifshitz frame (momentum density is due to the flow of energy
density)

uµTµν = εuν ⇒ uµΠµν = 0.

Πµ
µ = 0 traceless. Also note that

uν∇µΠµν = −Πµν∇µuν = −Πµνσµν 6= 0

7 / 24
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Conformal Hydrodynamics

Equations in question: [Baier, Romatschke, Son, Starinets, Stephanov, 07]

∇µTµν = 0 and ε = 3p

Tµν = εuµuν + P∆µν + Πµν ,

with independent variables in d dimension

With the restriction of transversality and tracelessness, there are eight possible contribu-

tions to the stress-energy tensor:

∇⟨µ ln T ∇ν⟩ ln T, ∇⟨µ∇ν⟩ ln T, σµν(∇·u), σ⟨µ
λσν⟩λ

σ⟨µ
λΩν⟩λ, Ω⟨µ

λΩν⟩λ, uαRα⟨µν⟩βuβ, R⟨µν⟩ .
(3.6)

By direct computations we find that there are only five combinations that transform

homogeneously under Weyl tranformations. They are

Oµν
1 = R⟨µν⟩ − (d − 2)

(
∇⟨µ∇ν⟩ ln T − ∇⟨µ ln T ∇ν⟩ ln T

)
, (3.7)

Oµν
2 = R⟨µν⟩ − (d − 2)uαRα⟨µν⟩βuβ , (3.8)

Oµν
3 = σ⟨µ

λσν⟩λ , Oµν
4 = σ⟨µ

λΩν⟩λ , Oµν
5 = Ω⟨µ

λΩν⟩λ . (3.9)

In the linearized hydrodynamics in flat space only the term Oµν
1 contributes. For conve-

nience and to facilitate the comparision with the Israel-Stewart theory we shall use instead

of (3.7) the term

⟨Dσµν ⟩ +
1

d − 1
σµν(∇·u) (3.10)

which, with (3.5), reduces to the linear combination: Oµν
1 − Oµν

2 − (1/2)Oµν
3 − 2Oµν

5 . It is

straightforward to check directly that (3.10) transforms homogeneously under Weyl transfor-

mations.

Thus, our final expression for the dissipative part of the stress-energy tensor, up to second

order in derivatives, is

Πµν = −ησµν

+ ητΠ

[
⟨Dσµν ⟩ +

1

d − 1
σµν(∇·u)

]
+ κ

[
R⟨µν⟩ − (d − 2)uαRα⟨µν⟩βuβ

]

+ λ1σ
⟨µ

λσν⟩λ + λ2σ
⟨µ

λΩν⟩λ + λ3Ω
⟨µ

λΩν⟩λ .

(3.11)

The five new constants are τΠ, κ, λ1,2,3. Note that using lowest order relations Πµν = −ησµν ,

Eqs.(3.5) and Dη = −η ∇·u, Eq. (3.11) may be rewritten in the form

Πµν = −ησµν − τΠ

[
⟨DΠµν ⟩ +

d

d − 1
Πµν(∇·u)

]

+ κ
[
R⟨µν⟩ − (d − 2)uαRα⟨µν⟩βuβ

]

+
λ1

η2
Π⟨µ

λΠν⟩λ − λ2

η
Π⟨µ

λΩν⟩λ + λ3Ω
⟨µ

λΩν⟩λ .

(3.12)

This equation is, in form, similar to an equation of the Israel-Stewart theory (see Section 6).

In the linear regime it actually coincides with the Israel-Stewart theory (6.1). We emphasize,

however, that one cannot claim that Eq. (3.12) captures all orders in the momentum expansion

(see Section 6).

– 8 –
This equation is conformal invariant, which means it is the same in different
metrics which are related by conformal transform.
Use the conformal symmetry to help us to find exact solutions!

8 / 24
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Technique

Conformal Transform (Weyl rescaling)
6 2 Basics in Conformal Field Theory

Fig. 2.1 Conformal transformation in two dimensions

open subsets. A map ϕ is called a conformal transformation, if the metric tensor
satisfies ϕ∗g′ = !g. Denoting x ′ = ϕ(x) with x ∈ U , we can express this condition
in the following way:

g′
ρσ

(
x ′) "x ′ρ

"xµ

"x ′σ

"xν
= !(x) gµν(x) ,

where the positive function !(x) is called the scale factor and Einstein’s sum con-
vention is understood. However, in these lecture notes, we focus on M ′ = M which
implies g′ = g, and we will always consider flat spaces with a constant metric of
the form ηµν = diag(−1, . . . ,+1, . . .). In this case, the condition for a conformal
transformation can be written as

ηρσ

"x ′ρ

"xµ

"x ′σ

"xν
= !(x) ηµν . (2.1)

Note furthermore, for flat spaces the scale factor !(x) = 1 corresponds to the
Poincaré group consisting of translations and rotations, respectively Lorentz trans-
formations.

Conditions for Conformal Invariance

Let us next study infinitesimal coordinate transformations which up to first order in
a small parameter ϵ(x) ≪ 1 read

x ′ρ = xρ + ϵρ(x) + O(ϵ2) . (2.2)

Noting that ϵµ = ηµνϵ
ν as well as that ηµν is constant, the left-hand side of Eq. (2.1)

for such a transformation is determined to be of the following form:

Summary 

dS3 £R

AdS3 £S1 AdS2 £S2

H3 £R

S3 £S1
(Einstein universe) 

(Milne universe) 

Use coordinte/Weyl transformation to go to curved spacetimes.  
 
Start from the hydrostatic solution in these spaces. Second order  
terms are easy to include. Transform back to Minkowski. 
 
           should be treated as independent variables. Lowest-order  
 relation                               does not hold in nonperturbative solutions. 
¼¹º

¼¹º ¼¡2´¾¹º

Minkowski 

[Hatta]

From Minkowski space-time, use conformal transform or coordinate
transformation to go to curved spacetimes. ds2 = Λ2ĝµνdx̂µdx̂ν ≡ Λ2dŝ2

Starting from hydrostatic solutions or simple solution with rotation, find the
solutions. The second order equation becomes simple.

Transform back to Minkowski space-time. ds2 = −dt2 + dx2 + dy2 + dz2

9 / 24
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Conformal Transform

Minkowski space⇒ AdS3 × S1

ds2 = −dt2 + dz2 + dx2
⊥ + x2

⊥dφ2 = x2
⊥[
−dt2 + dz2 + dx2

⊥
x2
⊥︸ ︷︷ ︸

AdS3

+ dφ2︸︷︷︸
S1

]

Minkowski space⇒ AdS2 × S2

ds2 = −dt2 + dr2 + r2dΩ2 = r2(
−dt2 + dr2

r2︸ ︷︷ ︸
AdS2

+ dΩ2︸︷︷︸
S2

) .

Minkowski space⇒ dS3 × R

dŝ2 ≡ ds2

τ 2 =
−dτ 2 + dx2

⊥ + x2
⊥dφ2

τ 2 + dη2

= −d%2 + cosh2 %(dΘ2 + sin2 Θdφ2)︸ ︷︷ ︸
dS3

+ dη2︸︷︷︸
R

Change coordinates in Minkowski:

ds2 = −dτ 2 + τ 2dη2 + dx2 + dy2 with τ ≡
√

t2 − z2 , η ≡ tanh−1 z
t

10 / 24
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Anti de Sitter space

The AdS2 space is a 2-dim hypersurface in 3-dim:

X2
0 − X2

1 + X2
2 = L2.

X1 = tL
r = L cosh ρ cos T

X2 = (L2−r2+t2)L
2r = L sinh ρ̃

X3 = (L2+r2−t2)L
2r = L cosh ρ̃ sin T

⇒

{
cosh ρ̃ ≡ 1

2Lr

√
(L2 + (r + t)2)(L2 + (r − t)2)

tan T = L2+r2−t2

2Lt

dŝ2 = − cosh2 ρ̃ dT2 + dρ̃2︸ ︷︷ ︸
AdS2

+ dθ2 + sin2 θdφ2︸ ︷︷ ︸
S2

11 / 24
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Anti de Sitter space

Anti de Sitter(AdS) space is a maximally symmetric, vacuum solution of Einstein’s
field equation with a negative constant curvature.
The AdS3 space is a 3-dim hypersurface in 4-dim (Hyperbolic geometry):

X2
0 − X2

1 − X2
2 + X2

3 = L2.
X1 = t

x⊥
L = L cosh ρ cos τ

X2 = z
x⊥

L = L sinh ρ sin Θ

X3 = L2−r2+t2

2x⊥
L = L sinh ρ cos Θ

X4 = L2+r2−t2

2x⊥
L = L cosh ρ sin τ

⇒

dŝ2 = − cosh2 ρ dτ 2 + dρ2 + sinh2 ρdΘ2 + dφ2

12 / 24
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Static solutions

In AdS3 × S1

T̂µν = ε̂ ûµûν +
ε̂

3
∆̂µν + π̂µν →

D̂ε̂ = 0 , 4ε̂ D̂ûµ + ∆̂µν∇̂νε+ 3∆̂µ
ν ∇̂απ̂να = 0 ,

with the static flow

ûτ = − cosh ρ , ûρ = ûΘ = ûφ = 0 ,

which gives θ̂ = σ̂µν = Ωµν = 0.

π̂µν = − τπ
ε̂1/4 ∆̂µ

α∆̂ν
βD̂π̂αβ +

λ1

ε̂
π̂
〈µ
λπ̂

ν〉λ +
λ2

ε̂1/4 π̂
〈µ
λΩ̂ν〉λ

+λ3ε̂
1/2Ω̂

〈µ
λΩ̂ν〉λ + κε̂1/2

(
R̂〈µν〉 − 2ûαR̂α〈µν〉β ûβ

)
,

⇒ π̂µν =
λ1

ε̂
π̂
〈µ
λπ̂

ν〉λ

The transport coefficients τπ , κ, λi (i = 1, 2, 3) are now dimensionless, and are
rescaled by the appropriate power of ε̂.

13 / 24
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Three solutions in AdS3 × S1

Assuming π̂µν is diagonal, we find the solution

(π̂ρρ, sinh2 ρ π̂ΘΘ, π̂φφ)=
ε̂

λ1
×


(−1,−1, 2) ,

(−1, 2,−1) ,

(2,−1,−1) .

is found to be

(π̂ρρ, sinh2 π̂ΘΘ, π̂φφ) =
ϵ̂

λ1

×

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(−1, −1, 2) ,

(−1, 2, −1) ,

(2, −1, −1) .

(30)

Plugging (30) into (22), we see that the x̂µ = τ component is trivially satisfied and the

x̂µ = Θ, φ components reduce to ∂Θϵ̂ = ∂φϵ̂ = 0. The x̂µ = ρ component is nontrivial and

reads, for d = 4,

∂ρϵ̂ + 4ϵ̂ tanh ρ + 3
(
∂ρπ̂

ρρ + (tanh ρ + coth ρ) π̂ρρ − sinh ρ cosh ρπ̂ΘΘ
)

= 0 . (31)

Inserting the three solutions (30) and changing variables to y = tanh2 ρ, we find the

following equations

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

2(1 − y)
(
1 − 3

λ1

)
∂y ϵ̂ +

(
4 − 3

λ1

)
ϵ̂ = 0 ,

2(1 − y)
(
1 − 3

λ1

)
∂y ϵ̂ +

(
4 − 3

λ1

(
1 + 3

y

))
ϵ̂ = 0 ,

2(1 − y)
(
1 + 6

λ1

)
∂y ϵ̂ +

(
4 + 3

λ1

(
2 + 3

y

))
ϵ̂ = 0 .

(32)

The solutions are easily found:

ϵ̂ ∝

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(1 − y)
2+ 9

2(λ1−3) ,

(1 − y)2y
9

2(λ1−3) ,

(1 − y)2[y(1 − y)]
− 9

2(λ1+6) .

(33)

The corresponding energy density in the Minkowski space reads

ϵ ∝

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
(L2+(t+r)2)2(L2+(t−r)2)2

(
4L2x2

⊥
(L2+(t+r)2)(L2+(t−r)2)

) 9
2(λ1−3)

,

1
(L2+(t+r)2)2(L2+(t−r)2)2

(
1 − 4L2x2

⊥
(L2+(t+r)2)(L2+(t−r)2)

) 9
2(λ1−3)

,

1
(L2+(t+r)2)2(L2+(t−r)2)2

(
4L2x2

⊥

(
(L2+(t+r)2)(L2+(t−r)2)−4L2x2

⊥

)
(L2+(t+r)2)2(L2+(t−r)2)2

)− 9
2(λ1+6)

.

(34)

Compared to the ideal solution (18), the new solutions (34) are no longer spherically

symmetric. They are however still symmetric under S1 ×S1 corresponding to the rotation

in φ and Θ. (More precisely, the latter is the U(1) subgroup of UΘ(1)×Uτ (1) which keeps

X2 + X3 ∝ 1/x⊥ invariant.)

6

Re−1 =
√
π̂µν π̂µν/ε̂ ∼ 1/λ1.

Re ∼ λ1 →∞⇒ ideal hydro solution.
14 / 24
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Including rotation and vortex

Use AdS3 × S1 metric, (similar solution found in other metric)

dŝ2 = − cosh2 ρ dτ 2 + dρ2 + sinh2 ρdΘ2 + dφ2.

Turn on the rotation to include vortexes

ûτ =
− cosh2 ρ√
cosh2 ρ− ω2

, ûφ =
ω√

cosh2 ρ− ω2
.

When ω = 0, reduces to static solution.

Ideal hydro solution ε̂ ∝ 1
(cosh2 ρ−ω2)2
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Including rotation and vortex

Turn on the rotation to include vortexes

π̂µν = − τπ
ε̂1/4 ∆̂µ

α∆̂ν
βD̂π̂αβ +

λ1

ε̂
π̂
〈µ
λπ̂

ν〉λ +
λ2

ε̂1/4 π̂
〈µ
λΩ̂ν〉λ + λ3

√
ε̂ Ω̂
〈µ
λΩ̂ν〉λ

Use ûµπ̂µν = 0 and assume

π̂µν =


π̂ττ 0 0 π̂τφ

0 π̂ρρ 0 0

0 0 π̂ΘΘ 0

π̂τφ 0 0 π̂φφ

 .
The solutions are given by

(π̂ρρ, sinh2 ρπ̂ΘΘ, π̂φφ)=
ε̂

λ1

(
α, β,

γ cosh2 ρ

cosh2 ρ− ω2

)
,

with α = γ = −β
2

=


1
2

(
−1−

√
1 + 4f/3

)
,

1
2

(
−1 +

√
1 + 4f/3

)
,

π̂ττ =
ω

cosh2 ρ
π̂τφ =

ω2

cosh4 ρ
π̂φφ , f ≡ λ1λ3ω

2 sinh2 ρ√
ε̂(cosh2 ρ− ω2)2

.
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Solving for energy density

Eventually,∇µTµν = 0 ⇒

∂ρε̂+
4 cosh ρ sinh ρ
cosh2 ρ− ω2

ε̂+3
[
∂ρπ̂

ρρ+
4 cosh ρ sinh ρ
cosh2 ρ− ω2

π̂ρρ
]

+
9(1− ω2) coth ρ

cosh2 ρ− ω2
π̂ρρ = 0 ,

with

π̂ρρ =
ε̂

λ1
α ,

with α =


1
2

(
−1−

√
1 + 4f/3

)
,

1
2

(
−1 +

√
1 + 4f/3

)
,

f ≡ λ1λ3ω
2 sinh2 ρ√

ε̂(cosh2 ρ− ω2)2
.

To solve this, we employ an ansatz

ε̂ =
A2 sinh4 ρ

(cosh2 ρ− ω2)4
, ⇒ A =

7λ3ω
2

4
( 4

21λ1 − 1
) .

General solutions are available. Also it reduces to the ideal solution when λ1 →∞.
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Ideal Bjorken flow

Bjorken flow simply derives from the assumption that flow expands only along z
direction and it is independent of rapidity.

A. Bjorken flow

Bjorken’s solution [2] provides a useful approximation of the complicated dynamics of

the matter created in ultrarelativistic heavy-ion collisions. The flow expands in the beam

direction (along the z-axis), and is naturally described in the coordinate system

ds2 = �d⌧ 2 + ⌧ 2d⌘2 + dx2 + dy2 , (10)

where ⌧ ⌘
p

t2 � z2 is the ‘proper time’ and ⌘ ⌘ tanh�1 z
t

is the ‘rapidity’ (we use the same

letter ⌘ for the rapidity and the shear viscosity but the distinction should be obvious from

the context).

In this coordinate system, the hydrostatic fluid static with respect to ⌧ is characterized

by the flow velocity

u⌧ = �1 , u⌘ = ux = uy = 0 . (11)

This is a boost-invariant (i.e., independent of ⌘) flow which has an infinite extent in the

transverse (x, y) directions. In the original coordinates the flow velocity becomes

uµ =

✓
t

⌧
, 0, 0,

z

⌧

◆
. (12)

The expansion parameter, the shear tensor, and the vorticity tensor are readily calculated

as

# =
1

⌧
, �⌘

⌘ =
2

3⌧
, �x

x = �y
y = � 1

3⌧
, ⌦µ⌫ = 0 . (13)

The energy density can be determined by the continuity equations (4) and (5). The

solution is well-known

✏ / 1

⌧ 4/3
. (14)

We note that for more general equations of state of the form p = w✏, we have ✏ / 1/⌧ 1+w.

B. Gubser flow

Gubser generalized Bjorken’s solution by including a nontrivial x?-dependence while

retaining boost invariance [27] (see also [28]). Assuming conformal symmetry, [27, 28] con-

sidered the following coordinate and Weyl transformations of the metric

dŝ2 ⌘ ds2

⌧ 2
=

�d⌧ 2 + dx2
? + x2

?d�2

⌧ 2
+ d⌘2

= �d%2 + cosh2 %(d⇥2 + sin2 ⇥d�2) + d⌘2 , (15)

7

A. Bjorken flow

Bjorken’s solution [2] provides a useful approximation of the complicated dynamics of

the matter created in ultrarelativistic heavy-ion collisions. The flow expands in the beam

direction (along the z-axis), and is naturally described in the coordinate system

ds2 = �d⌧ 2 + ⌧ 2d⌘2 + dx2 + dy2 , (10)

where ⌧ ⌘
p

t2 � z2 is the ‘proper time’ and ⌘ ⌘ tanh�1 z
t

is the ‘rapidity’ (we use the same

letter ⌘ for the rapidity and the shear viscosity but the distinction should be obvious from

the context).

In this coordinate system, the hydrostatic fluid static with respect to ⌧ is characterized

by the flow velocity

u⌧ = �1 , u⌘ = ux = uy = 0 . (11)

This is a boost-invariant (i.e., independent of ⌘) flow which has an infinite extent in the

transverse (x, y) directions. In the original coordinates the flow velocity becomes

uµ =

✓
t

⌧
, 0, 0,

z

⌧

◆
. (12)

The expansion parameter, the shear tensor, and the vorticity tensor are readily calculated

as

# =
1

⌧
, �⌘

⌘ =
2

3⌧
, �x

x = �y
y = � 1

3⌧
, ⌦µ⌫ = 0 . (13)

The energy density can be determined by the continuity equations (4) and (5). The

solution is well-known

✏ / 1

⌧ 4/3
. (14)

We note that for more general equations of state of the form p = w✏, we have ✏ / 1/⌧ 1+w.

B. Gubser flow

Gubser generalized Bjorken’s solution by including a nontrivial x?-dependence while

retaining boost invariance [27] (see also [28]). Assuming conformal symmetry, [27, 28] con-

sidered the following coordinate and Weyl transformations of the metric

dŝ2 ⌘ ds2

⌧ 2
=

�d⌧ 2 + dx2
? + x2

?d�2

⌧ 2
+ d⌘2

= �d%2 + cosh2 %(d⇥2 + sin2 ⇥d�2) + d⌘2 , (15)

7

τ =
√

t2 − z2 and rapidity η = tanh−1 z
t (simple change of coordinates).
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François Gelis – 2007 Lecture III / IV – Hadronic collisions at the LHC and QCD at high density, Les Houches, March-April 2008 - p. 32

Boost invariance

■ Gauge condition : x+A� + x�A+ = 0

) A±(x) = ± x± �(⌧, ⌘, ~x?)

η = const
τ = const

■ Initial values at ⌧ = 0+ : Ai(0+, ⌘, ~x?) and �(0+, ⌘, ~x?) do
not depend on the rapidity ⌘

B Ai and � remain independent of ⌘ at all times

Fig. 25: Left: the longitudinal colour flux tubes which develop in between the remnants of the two nuclei in the
early stages (⌧ . 1/Qs) of a A+A collision. Right: various choices of coordinates in the future light cone.

Under a boost along the z axis, ⌧ is invariant while ⌘s is shifted by a constant. Lines of constant ⌧ and
of constant ⌘s are shown in Fig. 25 (right). The fact that the glasma fields depend upon ⌧ but not upon
⌘s is a consequence of the symmetries of the collision, as encoded in the classical field equations (39).
This is also consistent with the hypothesis of uniform longitudinal expansion, as originally formulated
by Bjorken. Specifically, Bjorken has assumed that (i) after being produced at t ' z ' 0, the parti-
cles undergo free longitudinal streaming, meaning that they keep a constant velocity along the z axis;
accordingly, the particles that can be found at some later time t at point z are those with a longitudinal
velocity vz = z/t; (ii) the distribution of the produced particles is uniform in vz . Together, (i+ii)
imply that the distribution at time t is independent of z/t, hence of ⌘s. Note that this argument iden-
tifies the momentum rapidity y (cf. Eq. (11)) of the produced particles with their space–time rapidity
⌘s : tanh y ⌘ vz = z/t ⌘ tanh ⌘s. Hence, the boost invariance of the glasma fields implies that the
distribution of the particles produced by the decay of these fields is independent of y. This is a generic
feature of the particle production at the classical level, that is, on an event-by-event basis: the associated
spectra are boost invariant. But the physical spectra, as obtained after averaging the classical results with
the CGC weight functions of the incoming nuclei, cf. Eq. (38), are rapidity–dependent, because of the
respective dependencies of the weight functions, as introduced by the quantum evolution with Y .

An interesting consequence of the above considerations, which might be related to a remarkable
phenomenon seen in the RHIC [71–74] and the LHC data [75–77] and known as the ridge, refers to the
rapidity dependence of the two particle correlation. The latter is defined as

C2(⌘a, pa?; ⌘b, pa?) =

⌧
dN2

d⌘ad2pa? d⌘bd2pb?

�
�
⌧

dN

d⌘ad2pa?

�⌧
dN

d⌘bd2pb?

�
, (47)

and what is generally plotted is the ratio R between this correlation and is disconnected part (below, Na

denotes the number of particles of type a in a given bin in pseudo–rapidity and azimuthal angle),

R ⌘ hNa Nbi � hNai hNbi
hNai hNbi

, (48)

as a function of the rapidity and the azimuthal separations between the two particles, �⌘ = ⌘a � ⌘b and
�� = �a � �b. Remarkably, the data for A+A collisions at both RHIC and the LHC show the existence
of correlations which extend over a large rapidity interval �⌘ ' 4 ÷ 8, but restricted to small azimuthal
separations �� ' 0 (see Fig. 26 left). This means that particles which propagate along very different
directions with respect to the collision axis preserve nevertheless a common direction of motion in the

37

∇µTµν = 0 ⇒ uµ∇µε+
4
3
εθ = 0 ⇒ ε ∝ 1

τ 4/3 .
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Bjorken flow at Second Order

Use the same flow velocity, now solve the second order equation.

A. Bjorken flow

Bjorken’s solution [2] provides a useful approximation of the complicated dynamics of

the matter created in ultrarelativistic heavy-ion collisions. The flow expands in the beam

direction (along the z-axis), and is naturally described in the coordinate system

ds2 = �d⌧ 2 + ⌧ 2d⌘2 + dx2 + dy2 , (10)

where ⌧ ⌘
p

t2 � z2 is the ‘proper time’ and ⌘ ⌘ tanh�1 z
t

is the ‘rapidity’ (we use the same

letter ⌘ for the rapidity and the shear viscosity but the distinction should be obvious from

the context).

In this coordinate system, the hydrostatic fluid static with respect to ⌧ is characterized

by the flow velocity

u⌧ = �1 , u⌘ = ux = uy = 0 . (11)

This is a boost-invariant (i.e., independent of ⌘) flow which has an infinite extent in the

transverse (x, y) directions. In the original coordinates the flow velocity becomes

uµ =

✓
t

⌧
, 0, 0,

z

⌧

◆
. (12)

The expansion parameter, the shear tensor, and the vorticity tensor are readily calculated

as

# =
1

⌧
, �⌘

⌘ =
2

3⌧
, �x

x = �y
y = � 1

3⌧
, ⌦µ⌫ = 0 . (13)

The energy density can be determined by the continuity equations (4) and (5). The

solution is well-known

✏ / 1

⌧ 4/3
. (14)

We note that for more general equations of state of the form p = w✏, we have ✏ / 1/⌧ 1+w.

B. Gubser flow

Gubser generalized Bjorken’s solution by including a nontrivial x?-dependence while

retaining boost invariance [27] (see also [28]). Assuming conformal symmetry, [27, 28] con-

sidered the following coordinate and Weyl transformations of the metric

dŝ2 ⌘ ds2

⌧ 2
=

�d⌧ 2 + dx2
? + x2

?d�2

⌧ 2
+ d⌘2

= �d%2 + cosh2 %(d⇥2 + sin2 ⇥d�2) + d⌘2 , (15)
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Now the second order hydrodynamic equation becomes

Πµν = −2ηε3/4σµν − τπ
ε1/4

[
∆µ
α∆ν

βuλ∇λΠαβ +
4
3

Πµνϑ

]
+
λ1

ε
Π
〈µ
λ Π̂ν〉λ,

with
uµ∇µε+

4
3
εϑ+ Πµνσµν = 0,

Perturbative solution [Baier, et al, 07]

ε(τ) ∝ τ− 4
3

[
1− 2ητ−

2
3 +

(
3
2
η2 − 2

3
ητΠ +

2
3
λ1

)
τ−

4
3 + · · ·

]
[Heller, Janik, Witaszczyk, 13, PRL] It is an asymptotic series with zero radius of
convergence. Perturbation may not work.
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Bjorken flow at Second Order

We assume that

Πµν =


0 0 0 0

0 Πηη 0 0

0 0 Πxx 0

0 0 0 Πyy

 .
By defining A = Πη

η , B = Πx
x and C = πy

y, we can get

A = −4
3
ηε3/4

τ
− τπ
ε1/4

(
∂τA +

4
3τ

A
)

+
λ1

3ε

(
2A2 − B2 − C2

)
B = +

2
3
ηε3/4

τ
− τπ
ε1/4

(
∂τB +

4
3τ

B
)

+
λ1

3ε

(
2B2 − A2 − C2

)
C = +

2
3
ηε3/4

τ
− τπ
ε1/4

(
∂τC +

4
3τ

C
)

+
λ1

3ε

(
2C2 − B2 − A2

)
,

and
∂τ ε+

4
3τ
ε+

A
τ

= 0.
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Special solutions

We assume A = 8
3 ε, which gives

ε =
C4

τ 4 . as compared to εIdeal ∝ 1
τ 4/3

Assume A = −2B = −2C, thus, it is very straightforward to find that

A =
ε

λ1

(1− 8τπ
3C

)
±
√(

1− 8τπ
3C

)2

+
8
3
ηλ1

C

 ,
which indicates

C =
3η − 16τπ

8λ1 − 6
.

In fact, there are four sets of solutions for A,B,C as in total.

Truly non-perturbative solution of the above non-linear equation.

ε2nd ∝ 1
τ 4 as compared to εIdeal ∝ 1

τ 4/3
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Elliptic flow solutions

Consider the static solution in dS3 × R (Gubser solution)

dŝ2 ≡ ds2

τ 2 =
−dτ 2 + dx2

⊥ + x2
⊥dφ2

τ 2 + dη2

= −d%2 + cosh2 %(dΘ2 + sin2 Θdφ2) + dη2

û% = −1, ûη = ûΘ = ûφ = 0 ⇒

uτ = − cosh
[

tanh−1 2τx⊥
L2 + τ 2 + x2

⊥

]
, u⊥ = sinh

[
tanh−1 2τx⊥

L2 + τ 2 + x2
⊥

]
Use Zhukovski transform to get approximate elliptic solution (small eccentricity)

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

4

We thus find the energy density

E ⇡ C4

⌧4/3

(2L)8/3

(L4 + 2(⌧2 + x2
?)L2 + (⌧2 � x2

?)2)4/3

 
1 � ⌘0

2C

✓
L2 � ⌧2 + x2

?
2L⌧

◆2/3
!4

⇥

0
B@1 � a2

1 � ⌘0

2C

⇣
L2�⌧2+x2

?
2L⌧

⌘2/3

8

3x2
?

L2 + 3x2
?

L2 + x2
?

cos 2�

1
CA

⌘ E0 + �Ea2 cos 2� . (19)

Since �E < 0, the curves of constant energy are elliptic, with the major axis in the y-direction. The flow velocity in
turn is given by

u⌧ ⇡ �1 + O(⌧2) ,

u? ⇡ 2⌧x?
L2 + ⌧2 + x2

?
� 2⌧

✓
1

x3
?

+
2x?

(L2 + x2
?)2

◆
a2 cos 2� ⌘ u?0 + �u?a2 cos 2� ,

u� ⇡ �2⌧

x2
?

L2 + 3x2
?

L2 + x2
?

a2 sin 2� ⌘ �u�a2 sin 2� , (20)

and the shear tensor is

�?? ⇡ � 1

3⌧

✓
1 � 2(L2 � 2x2

?)⌧2

(L2 + x2
?)2

� 4⌧2(L4 + L2x2
? + 6x4

?)

(L2 + x2
?)3x2

?
a2 cos 2�

◆
⌘ �0

?? + ��??a2 cos 2� ,

�?� ⇡ 4⌧(L2 + 3x2
?)

3x?(L2 + x2
?)2

a2 sin 2� ⌘ ��?�a2 sin 2� ,

��� ⇡ �x2
?

3⌧

✓
1 � 2L2⌧2

(L2 + x2
?)2

+
4⌧2L2(L2 + 3x2

?)

(L2 + x2
?)3x2

?
a2 cos 2�

◆
⌘ �0

�� + ����a2 cos 2� . (21)

Note that �u? is negative, meaning that both E and u? are stretched in the y-direction. This may seem contradictory
to the standard picture that the stronger pressure (or energy density) gradient in the x-direction develops a stronger
flow in the same direction. In fact, there is no contradiction. The negativeness of �u? is a direct consequence of (a
component of) the hydrodynamic equation which, in the present accuracy, boils down to

�u? = �3⌧

8
@?

✓
�E
E0

◆
< 0 . (22)

(For simplicity here we consider the ideal hydrodynamic equation.) On the other hand, we find
Z 2⇡

0

d� (u2
1 � u2

2) ⇡
Z

d�

✓
cos 2�u2

? � 2 sin 2�

x?
u�u?

◆

= 2⇡a2u?0

✓
�u? � �u�

x?

◆
=

16⇡a2⌧2L2

(L2 + x2
?)3

> 0 , (23)

where we have neglected u2
� ⇠ O(a4). Eq. (23) shows that, due to the �-component of the flow velocity which tends

to point to the x-direction (�u� < 0), the flow is on average stronger in the x-direction, as expected.
Eqs. (19)-(21) define an approximate elliptic solution of the Navier-Stokes equation with the shear viscosity ⌘ =

⌘0E3/4. They satisfy the equation with the accuracy of order O(a2/x2
?) relative to the leading (isotropic) solution

(cf., Eq. (22)), but break down at order O(a2⌧2/x4
?) which can be checked explicitly.4 One way to understand this

is to notice that there is in fact an O(⌧2/x2
?) uncertainty in the definition of a2. Indeed, we could have employed a

nonconstant a2(⌧) already in Eq. (11) as long as its ⌧ -dependence is su�ciently weak

1

a2

@a2

@⌧
. O

✓
⌧

x2
?

◆
. (24)

4 Note that we have already neglected terms of order O(⌧2/x2
?) in the O(a2) corrections in Eqs. (19)-(21).
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Elliptic flow

Momentum space anisotropy τ 2 � L2 and a2 � L2∫
dxdy(Txx − Tyy)∫
dxdy(Txx + Tyy)

∣∣∣∣
δE

=
20a2τ 2

3L4

[
−80

77
+

3η0

2C

(
L

2τ

)2/3

− 3264η2
0

385C2

(
L

2τ

)4/3
]
,

∫
dxdy(Txx − Tyy)∫
dxdy(Txx + Tyy)

∣∣∣∣
δu

=
20a2τ 2

3L4

[
6
7
− 3η0

2C

(
L

2τ

)2/3

+
513η2

0

70C2

(
L

2τ

)4/3
]
.

Total εp

εp(τ) =
20a2τ 2

3L4

[
− 2

11
− 177η2

0

154C2

(
L

2τ

)4/3
]
.

Comments:
Negative εp(τ) may be model dependent, due to nonzero initial radial flow.
(Numerical check?)
δu part is reflecting the genuine v2 physics.
Viscous correction agrees with empirical formula. [Bhalerao et al., 05]

εp(τ)

εideal
p (τ)

∣∣∣∣
δu

∼ 1

1 + η0
C

(
L
τ

)2/3 ∼
1

1 + L2

σdN/dY

∼ v2

videal
2

.
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Summary

Conformal Transform helps to find analytical solutions to the hydrodynamic
equations. ds2 = Λ2ĝµνdx̂µdx̂ν ≡ Λ2dŝ2

Summary 

dS3 £R

AdS3 £S1 AdS2 £S2

H3 £R

S3 £S1
(Einstein universe) 

(Milne universe) 

Use coordinte/Weyl transformation to go to curved spacetimes.  
 
Start from the hydrostatic solution in these spaces. Second order  
terms are easy to include. Transform back to Minkowski. 
 
           should be treated as independent variables. Lowest-order  
 relation                               does not hold in nonperturbative solutions. 
¼¹º

¼¹º ¼¡2´¾¹º

Minkowski 

[Hatta]

Bring in more analytical insights into hydrodynamics. (Give us reason behind "42")

Conformal soliton solution

Solutions with vortices.

Non-perturbative Bjorken flow solutions.

Analytical study of elliptic flow.
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